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> > ### Example 7.11. p = 55681 for (2.6).mws

A role for generalised Fermat numbers

by

John B. Cosgrave and Karl Dilcher

A reminder of the meaning of our paper's congruence (2.6): for , distinct primes 

 (mod 6) we seek solutions of the Gauss factorial congruence

 (mod n)

In this Maple-to-pdf conversion we exhibit all solutions of our paper's congruence (2.5) for the prime , a 
specially chosen non-standard Jacobi prime.

It should be emphasised that for  the  ' ' is the current limit for which we can make a definitive statement
concerning the exact number of solutions of (2.6). A similar statement for  would require knowing the complete 
factorisation of the -digit   (that ' ' being ).

This  p = 55681 satisfies , and .

Procedures                    

with(numtheory): ### needed for 'order'

 with(combinat): ### needed for 'choose'

### 01:  

PI := proc(n, M, i) local k, r; r := 1:
      for k from floor(((i-1)*(n-1)/M + 1)) to i*(n-1)/M do
        if igcd(n, k) = 1 then r := mods(r*k, n); fi; od; r; end:

### 02: 

PRFAC := proc(le, la, p, alpha) local r, k, MOD; r := le; MOD := p^alpha;

         for k from (le+1) to la do r := mods(r*k, MOD) od; r; end:

### 03: 

the_ones := proc(n, M) local L, p; L := []: for p in factorset(n) do if p mod M = 1 then 
      
            L := [op(L), p] fi od; L; end:

### 04: 

the_minus_ones := proc(n, M) local L, p; L := []: for p in factorset(n) do if mods(p, M) = -1 
                  then L := [op(L), p] fi od; L; end:
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### 05: 

Pow := proc(n, p) local t, a; t := n: a := 0: while t mod p = 0 do t := t/p: a := a+1: od: a; 
end:

### 06: 

### "more" simply means that 's' (in application) > 1 
### (i.e., there is 'more' than ONE 'q')

### Bear in mind that in using this procedure we are making the understanding that p 
### occurs only to the 1st power, and 'w' will be square-free ('primitive' solutions)

### 'L' REPLACES the INITIAL 'w'
### 'w' becomes a local variable, DEFINED as the product of the members of L (the 'q')

PI6_more_modified := proc(L, s, p, fac) local w, EF, FAC, R; 

        if s < 2 then lprint(`Remember that s should be greater than 1.`); RETURN(); fi; 

            w := mul(q, q in L):
                       
           EF := mods(w&^((p - 1)/3), p):   ### Euler-Fermat element for s > 1. 
                               
          FAC := mods( fac&^(2^s), p):      ### This is the Gauss 6 closed form mod p    

     if mods(w, 6) = 1 and s mod 2 = 0 then 

               R := mods(EF * FAC, p):

   elif mods(w, 6) = 1 and s mod 2 = 1 then 

             R := mods(FAC / EF, p):

   elif mods(w, 6) = -1 and s mod 2 = 0 then 

             R := mods(1 / ( EF * FAC ), p):

   elif mods(w, 6) = -1 and s mod 2 = 1 then 

             R := mods(EF / FAC, p):

      fi;

    R; end:

####################################################################

### The following PI6 - of which we make only limited use - tests some individual n-values
### It allows for having 'alpha' > 1

### 07: 

### The following PHI6 uses the D.H. Lehmer formulae for the 
### PHI-values of w = 1/-1 (mod 6) for w having NO prime factor = 1 (mod 6)

PHI6 := proc(w) local s; s := nops(factorset(w)):

   if w mod 6 = 1 then (phi(w) + 2^(s+1))/6 elif mods(w, 6) = -1 then (phi(w) - 2^(s+1))/6 fi; 
end:

### 08: 

PI6 := proc(n) local p, a, Gf, w, s, signs, PHIw6,  

                     Sw, Q, PARI, EF1, q1, sign1, EF, Rpa, Rw, R; 
 
            p := op(the_ones(n, 6)):                   ### This gives 'p'
            a := Pow(n, p):                            ### This gives 'a', i.e. 'alpha'

  if a = 1 then Gf := PRFAC(1, (p-1)/6, p, 1) elif a > 1 then Gf := PI(p^a, 6, 1) fi: 

     ### This is ((p^a - 1)/6)_p! mod p^a, speeded up in the case a(lpha) = 1

            w := n/(p^a):                              ### This is 'w'
         PARI := proc(w) if mods(w, 6) = 1 then 1      ### This is '1' if w = 1 (mod 6)
                 elif mods(w, 6) = -1 then -1 fi end:  ### but is '-1' if w = -1 (mod 6)
          
            s := nops(factorset(w)):   ### This is 's'
        signs := (-1)^s:               ### This is '-1' at ODD 's', and '1' at EVEN 's'
        PHIw6 := PHI6(w):              

           Sw := factorset(w):         ### The set of all ('s' of) the 'q'
            Q := mul(q, q = Sw):       ### The product of all ('s' of) the 'q'
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   ### We need TWO EULER-FERMATS (EF1 and EF) to distinguish between s = 1 and s > 1: 

   if s = 1 then

           q1 := op(1, factorset(w)):           ### This is 'q[1]'
        sign1 := (-1)^((p+q1)/6):               ### the sign element in the closed form
          EF1 := mods(q1&^(phi(p^a)/6), p^a):   ### the Euler-Fermat element for q[1]. 
                                                ### NOTE the 6th-root
          Rpa := mods(sign1 * EF1 * Gf^2, p^a):                           
           Rw := mods((-1)^((p-1)/6)/p&^PHIw6, w): ### Note the EXTRA SIGN element here at Gauss 
6

            R := mods(chrem([Rpa^PARI(w), Rw], [p^a, w]), n):  

                                                ### Note the 1/Rpa, as with Gauss 4 closed forms
  elif s > 1 then

           EF := mods(Q&^(phi(p^a)/3), p^a):     ### Euler-Fermat element for s > 1. Note the 
3rd-root 
          Rpa := mods(EF^signs*Gf^(2^s), p^a):   ### Note the SIGN element in the EF term 
           Rw := mods(1/p&^PHIw6, w):            ### There is NO SIGN element here at s > 1

            R := mods(chrem([Rpa^PARI(w), Rw], [p^a, w]), n):
 
   fi; R; end:

The Gauss 6 support primes for Jacobi p = 55681

              p := 55681: 

    level||2[p] := [5, 29, 11, 2531]:              ### These divide (55681 - 1)*(55681 + 1)*
(55681^2 + 1) 
                                                
    level||3[p] := [41, 121477457]:                ### These divide (55681^(2^2) + 1)

    level||4[p] := [17, 12075324422351249]:        ### These divide 55681^(2^3) + 1  
                              
    level||5[p] := []:                             ### No 'q' dividing 556811^(2^4) + 1
                                                   ### Karl complete factorisation

    level||6[p] := [257, 610817, 476600704619911891073, 494039575542372154409346497]: 
                                                      
                                                   ### These divide 55681^(2^5) + 1
                                                   ### Our complete factorisation 

    level||7[p] := [65298013540910483767858261037118325206398849,

5430065006389584982184906089683575088937603970131954895946359874894517106136643531669045869571635
9316934391090865493136004628257534364175802467156932863636609772154081500828008188169170737952634
9679898975924600406498220496441124102521925202319337217]: 
                                                      
                                                   ### These divide 55681^(2^6) + 1
                                                   ### Our complete factorisation 
                                                   ### Tues 27th Jan 2015
                                                   ### the latter has 249 digits

                                    ### COMPLETE TO HERE
                                                                                                 
         
             LEV := 7:

   LEVEL||LEV[p] := []:

  for lev from 2 to LEV do

for q||lev in level||lev[p] do LEVEL||LEV[p] := [ op(LEVEL||LEV[p]), q||lev ]; od od:

print(``); LEVEL||LEV[p]; print(``);
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length
(543006500638958498218490608968357508893760397013195489594635987489451710613664353166904586957163
5931693439109086549313600462825753436417580246715693286363660977215408150082800818816917073795263
49679898975924600406498220496441124102521925202319337217);

249
seq(isprime(q), q = LEVEL||LEV[p]);

seq(q mod 6, q = LEVEL||LEV[p]);

nops(LEVEL||LEV[p]);  
14

print(``);

[[2], seq((p - 1)*(p + 1)*( p^2 + 1) mod q, q = level||2[p])];

for LEV from 3 to 7 do if level||LEV[p] <> [] then

print([[LEV], seq(p&^(2^(LEV - 1)) + 1 mod q, q = level||LEV[p])]); fi od;

### The following determines any q-support for which q^2 is a factor:

print(``);

for q in level||2[p] do if (p - 1)*(p + 1)*(p^2 + 1) mod q^2 = 0 then print([2], q) fi od:

for LEV from 3 to 7 do if level||LEV[p] <> [] then

for q in level||LEV[p] do if p&^(2^(LEV - 1)) + 1 mod q^2 = 0 then print([LEV], q) fi od: fi od;

Thus, in the case of p = 55681, there is no square support.

              p := 55681;
            fac := PRFAC(1, (p-1)/6, p, 1); ### Note the '6'
            ord := ifactor(order(fac, p));

At p = 55681, the first solutions (for ) are at (min) .

All solutions are necessarily 'primitive' as this prime has no square support up to the highest factored level.
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s = 5 (there are 8 known support primes). 18 primitive solutions, the least having 11, the largest 36 digits

              

                        p := 55681:  

           fac := 9445:  ### THE ABOVE PRE-COMPUTED VALUE OF fac
         
           LEV := 5:    

 LEVEL||LEV[p] := []:

  for lev from 2 to LEV do

for q||lev in level||lev[p] do LEVEL||LEV[p] := [ op(LEVEL||LEV[p]), q||lev ]; od od:

print(``); S_potential||p := LEVEL||LEV[p]; 

         count := 0:

        SOLN_L := []:

 print(``); print(____________________); print(``);   

for L_ in choose(S_potential||p, LEV) do if PI6_more_modified(L_, LEV, p, fac) = 1 then

         count := count+1:

print(``); print(L_); print(``); lprint(`Here is a solution:`); print(``); 

print(p*mul(j, j = L_));

        SOLN_L := [op(SOLN_L), p*mul(j, j = L_)]: 

print(``); lprint(`which has`, length(p*mul(j, j = L_)), `digits.`); print(____________________);

fi; od: 

print(``); lprint(`There were`, count, `solutions altogether.`); print(____________________); 
print(``);

____________________

`Here is a solution:`

61901402915

`which has`, 11, `digits.`
____________________

`Here is a solution:`

5402498302685

`which has`, 13, `digits.`
____________________

`Here is a solution:`

25775155944734630896637615

`which has`, 26, `digits.`
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____________________

`Here is a solution:`

27305840606101452065

`which has`, 20, `digits.`
____________________

`Here is a solution:`

130275339369295652128490462412635

`which has`, 33, `digits.`
____________________

`Here is a solution:`

11369892549782320535765840012633765

`which has`, 35, `digits.`
____________________

`Here is a solution:`

14242950070715

`which has`, 14, `digits.`
____________________

`Here is a solution:`

67952683854300390545680985

`which has`, 26, `digits.`
____________________

`Here is a solution:`

5930629063283940981762709415

`which has`, 28, `digits.`
____________________

`Here is a solution:`

29975171267607935957928123669670835

`which has`, 35, `digits.`
____________________
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`Here is a solution:`

92839858060744937021

`which has`, 20, `digits.`
____________________

`Here is a solution:`

442936153855605217236867572202959

`which has`, 33, `digits.`
____________________

`Here is a solution:`

38657634669259889821603856042954801

`which has`, 35, `digits.`
____________________

`Here is a solution:`

223907892970031906933

`which has`, 21, `digits.`
____________________

`Here is a solution:`

1068257782828224347453621791783607

`which has`, 34, `digits.`
____________________

`Here is a solution:`

93233118908215028393279888103596873

`which has`, 35, `digits.`
____________________

`Here is a solution:`

101915582309866982256955620476880839

`which has`, 36, `digits.`
____________________

`Here is a solution:`
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245796404394385074855010614091300847

`which has`, 36, `digits.`
____________________

`There were`, 18, `solutions altogether.`
____________________

print(``); sort([seq(length(n), n = SOLN_L)]);

seq(PI6(n), n = SOLN_L);

s = 6 (there are exactly 12 known support primes). 306 primitive solutions, having between 14 and 84 
digits

                The probability came to 0.3312

number_of_supports := 12:
               LEV := 6:

print(``); number_of_constructed_ns := binomial(number_of_supports, LEV);

print(``);      number_of_solutions := 306;

print(``);              probability := evalf(number_of_solutions/number_of_constructed_ns, 4);

             p := 55681:  

           fac := 9445:  ### THE ABOVE PRE-COMPUTED VALUE OF fac
         
           LEV := 6:   

 LEVEL||LEV[p] := []:

for lev from 2 to LEV do

for q||lev in level||lev[p] do LEVEL||LEV[p] := [op(LEVEL||LEV[p]), q||lev ]; od od:

print(``);

S_potential||p := LEVEL||LEV[p]; 

         count := 0:

           MIN := 10^100: ### Clearly greater than ANY small solution

           MAX := 0:

         print(``);

 for L_ in choose(S_potential||p, LEV) do if PI6_more_modified(L_, LEV, p, fac) = 1 then

             w := mul(q, q = L_):

           MIN := min(MIN, p*w):
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           MAX := max(MAX, p*w):

         count := count+1:

fi; od: 

        lprint(`There were`, count, `solutions altogether,`); 

print(``); lprint(`generated from`, nops(S_potential||p), `support primes.`);

print(``); lprint(`The smallest solution is:`); print(``); MIN;

print(``); lprint(`The largest solution is:`); print(``); MAX; print(``); 

print(____________________); print(``);

`There were`, 306, `solutions altogether,`

`generated from`, 12, `support primes.`

`The smallest solution is:`

15908660549155

`The largest solution is:`

481629320775608662860036225148115507913424666498415748691964187985192147545452884681

____________________

length(MIN); length(MAX);
14
84

s = 7 (there are exactly 14 known support primes). 1140 primitive solutions, having between 19 and 371 
digits

                The probability came to 0.3322

number_of_supports := 14:
               LEV := 7:

print(``); number_of_constructed_ns := binomial(number_of_supports, LEV);

print(``);      number_of_solutions := 1140;

print(``);              probability := evalf(number_of_solutions/number_of_constructed_ns, 4);
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             p := 55681:  

           fac := 9445:  ### THE ABOVE PRE-COMPUTED VALUE OF fac
         
           LEV := 7:   

 LEVEL||LEV[p] := []:

for lev from 2 to LEV do

for q||lev in level||lev[p] do LEVEL||LEV[p] := [op(LEVEL||LEV[p]), q||lev ]; od od:

print(``);

S_potential||p := LEVEL||LEV[p]; 

         count := 0:

           MIN := 10^100: ### Clearly greater than ANY small solution

           MAX := 0:

         print(``);

 for L_ in choose(S_potential||p, LEV) do if PI6_more_modified(L_, LEV, p, fac) = 1 then

             w := mul(q, q = L_):

           MIN := min(MIN, p*w):

           MAX := max(MAX, p*w):

         count := count+1:

fi; od: 

        lprint(`There were`, count, `solutions altogether,`); 

print(``); lprint(`generated from`, nops(S_potential||p), `support primes.`);

print(``); lprint(`The smallest solution is:`); print(``); MIN;

print(``); lprint(`The largest solution is:`); print(``); MAX; print(``); 

print(____________________); print(``);

`There were`, 1140, `solutions altogether,`

`generated from`, 14, `support primes.`

`The smallest solution is:`

9717280310653209635

`The largest solution is:`

2795804508782700809355331651542114341594008423374526457299490511903223489282836273534669378770637341005237965768\
45211386867295171610742452674120310937098254669469794561590072856758115310080887018767909672544506876920973\
71800699762787601314966864947223040435048066568389613735504859168457435140559705120898997428436756306647610\
024384499255881983897683711638199052987056969

____________________

length(MIN); length(MAX);
19
371

PI6(9717280310653209635);
1
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COMPLETE to here


