|:> ### Example 2.3. p = 13 for (2.5) .mws

A role for generalised Fermat numbers
by
John B. Cosgrave and Karl Dilcher

o B B B

A reminder of the meaning of our paper's congruence (2.5): for n =p qll q22 ... q s, distinct primes
)

P4y 4= 1,-1,-1,...,-1 (mod 3) we seek solutions of the Gauss factorial congruence

1
ﬂoor[[? {n—l}Jn!

In this Maple-to-pdf conversion we exhibit all solutions of our paper's congruence (2.5) for the prime p = 13, the
second Jacobi prime.

=1 (mod n)

It should be emphasised that for p = 13 the 's=29'is the current limit for which we can make a definitive statement
concerning the exact number of solutions of (2.5). A similar statement for s = 10 would require knowing the complete

factorisation of the 286-digit 1328 +1 (that '8' being 10 — 2)

1 1
Note.Atp=13wehave0rdp[ 3 {r— 1}]! =3.22, andordp[ o (P 1}]! =3.22,

This non-standard Jacobi prime is truly remarkable: it is the only 1-exceptional prime (at M = 3, 6) to 104, and thus is
the only prime (necessarily Jacobi) for which the congruences (2.5) or (2.6) of our "A4 role for generalized Fermat

numbers " paper can have solutions with oo = 2. Indeed, because 13 is not 2-exceptional (and thus cannot have any
higher level of exceptionality) then congruences (2.5) or (2.6) of our "A role ... " paper cannot have any solutions with

p=13fora> 2.

The first solution (it has 39 digits) is at s= 8. The total number of solutionS (up tos=8)is (9 +9+1) + (9 +9 +1) = 38.

\ 4 Procedures

> with (numtheory) : ### needed for 'order'
with (combinat) : ### needed for 'choose'
### O1:
PI := proc(n, M, i) local k, r; r := 1:
for k from floor(((i-1)*(n-1)/M + 1)) to i*(n-1)/M do
if iged(n, k) = 1 then r := mods(r*k, n); fi; od; r; end:
### 02:

PRFAC := proc(le, la, p, alpha) local r, k, MOD; r := le; MOD := p”alpha;




for k from (le+l) to la do r := mods(r*k, MOD) od; r; end:

### 03:
the _ones := proc(n, M) local L, p; L := []: for p in factorset(n) do if p mod M = 1 then
L := [op(L), p] fi od; L; end:
### 04:
the minus _ones := proc(n, M) local L, p; L := []: for p in factorset(n) do if mods(p, M) = -1
then L := [op(L), pl] fi od; L; end:
### 05:
Pow := proc(n, p) local t, a; t :=n: a := 0: while t mod p =0 do t := t/p: a := a+l: od: a;
end:
### 06:
### "more" simply means that 's' (in application) > 1
### (i.e., there is 'more' than ONE 'q')
### Bear in mind that in using this procedure we are making the understanding that p
### occurs only to the 1lst power, and 'w' will be square-free ('primitive' solutions)
### 'L' REPLACES the INITIAL 'w'
### 'w' becomes a local variable, DEFINED as the product of the members of L (the 'q')

PI3_more modified := proc(L, s, p, fac) local w, EF, FAC, R;
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if s < 2 then lprint( Remember that s should be greater than 1.°); RETURN(); fi;
w :=mul(q, q in L):
EF := mods (w&*((p - 1)/3), p): ### Euler-Fermat element for s > 1.
FAC := mods (fac&”(2”s), p): ### This is the Gauss 3 closed form mod p
if mods(w, 3) = 1 and s mod 2 = 0 then
R := mods (FAC / EF, p):
1if mods(w, 3) = 1 and s mod 2 = 1 then

R := mods (EF * FAC, p):

1if mods(w, 3) = -1 and s mod 2 = 0 then
R := mods (EF / FAC, p):
1if mods(w, 3) = -1 and s mod 2 = 1 then
R :=mods( 1 / (EF * FAC), p):
fi;
R; end:
HHHHHEHEEH S R R

The following PI3 - of which we make only limited use - tests some individual n-values
It allows for having 'alpha' > 1

The following PHI3 uses the D.H. Lehmer formulae for the
PHI-values of w = 1/-1 (mod 3) for w having NO prime factor = 1 (mod 3)

07:

:= proc(w) local s; s := nops(factorset(w)):
f wmod 3 = 1 then (phi(w) + 2*(s-1))/3 elif mods(w, 3) = -1 then (phi(w) - 2*(s-1))/3 fi;
08:

:= proc(n) local p, a, Gf, w, s, signs, PHIw3, Sw, Q, EF, Rpa, Rw, R;

op (the_ones(n, 3)): ### This gives 'p'
Pow(n, p): ### This gives 'a', i.e. 'alpha'

P :
a

if a = 1 then Gf := PRFAC(1l, (p-1)/3, p, 1) elif a > 1 then Gf := PI(p*a, 3, 1) fi:

### This is ((p*a - 1)/3)_p! mod p*a, speeded up in the case a(lpha) =1



VY Gauss 3 support primes for p =13

[p*a, w]), n):

[p*a, w]), n):

### This is 'w'
### This is 's'
### This is 'l' at ODD 's', and '-1' at EVEN 's'

### This is the FASTER improvement on PHI (3, 1,

### This is the set of all ('s' of) the 'q'

### This is the product of all ('s' of) the 'q’
### the Euler-Fermat element.
### Note the SIGN element in the EF term

### There is NO SIGN element here at Gauss 3

### Note the '-'

### Note the 1/Rpa

w := n/(p*a):
s := nops (factorset(w)):
signs := (-1)*(s-1):
PHIw3 := PHI3 (w):
W)
Sw := factorset(w):
Q :=mul(q, g = Sw):
EF := mods (Q&” (phi(p*a)/3), p*a):
Rpa := mods (EF“*signs * Gf&* (2%s), p*a):
Rw := mods (1/p&*PHIwW3, w):
if w = 2 then
R := mods (chrem([-1/Rpa, Rw],
elif w <> 2 and mods(w, 3) = -1 then
R := mods (chrem([1/Rpa, Rw],
elif mods(w, 3) = 1 then
R := mods (chrem([Rpa, Rw], [p*a, w]), n):
| fi; R; end:

> p := 13:
level| |1l[p] := [2]: ### These divide (13 - 1)
level| |2[p] := []: ### No 'q' for (13 + 1)
level| |3[p] := [5, 17]: ### These divide (1372 + 1)
level| |4[p] := []: ### NO 'q' divide (13~(272) + 1)
level| |5[p] := []: ### NO 'q' divide (13~(273) + 1)
level| |6[p] := [2657, 441281]: ### These divide (137(2%4) + 1)
level]||7[p] := [1601, 10433]: #i## These divide (137(2~5) + 1)
level| |8[p] := [257, 36713826768408543617]: ### These divide (137(276) + 1)
level]| |9[p] := []: ### NO 'q' divide (134(2*7) + 1)
### Maple's ifactor( , easy) usage
### gave a COMPLETE factorisation
### Unfortunately no extra supports produced
### COMPLETE TO HERE
LEV := 9O:
LEVEL| |LEV[p] := []:
for lev to LEV do
for q||lev in level| |lev[p] do LEVEL| |LEV[p] := [ op(LEVEL| |LEV[p]), glllev ]; od od:
=> print (") ; LEVEL||LEV[p]; print( ");
[2,5,17,2657,441281, 1601, 10433, 257, 36713826768408543617]
i @.1)
_> seq(isprime(q) , q = LEVEL| |LEV[p])
| true, true, true, true, true, true, true, true, true (2.2)



> nops (LEVEL| |LEV[p]) ;
| 9 2.3)
> seq(q mod 3, g = LEVEL| |LEV[p]) ;
2,2,2,2,2,2,2,2,2 2.4)

> print( ) ;

if level||1l[p] <> [] then print([[l], seq(p - 1 mod q, gq level||1l[p]l)]); £fi:

if level||2[p] <> [] then print([[2], seq(p + 1 mod q, g level| |2[p])]); fi:
for LEV from 3 to 9 do if level| |LEV[p] <> [] then

print ([ [LEV], seq(p&*(2*(LEV - 2)) + 1 mod q, g = level||LEV[p])]); fi od;

1,0,0] 2.5)

By Theory, since p =13 is Gauss 3 level 2, then the least possible solution (with 2 < s) could have been at s =2.
However:

Here - at level 3 - the prime 13 has exactly 3 support primes (2, 5 and 17, the necessary minimum) for the constructed
1

'n' to (possibly) make [ 3 {n—1} ] ! =1 (mod n). However:
n

\ 4 s=3has BOUND = 3. Produced no solution

> p := 13:

fac := PRFAC(1l, (p-1)/3, p, 1): #i## Note the '3'
LEV := 3:
[1:

for lev to LEV do

LEVEL| | LEV[p]

for q||lev in level]||lev[p] do LEVEL| |LEV[p] := [ op(LEVEL| |LEV[p]), glllev ]; od od:

S_potential||p := LEVEL| |LEV[p];

count := O0:
SOLN_L := []:
print (') ; print( ); print( ");

for L in choose(S_potential||p, LEV) do if PI3 more modified(L_, LEV, p, fac) = 1 then
count := count+l:
print (' ") ; print(L_); print(’'); lprint('Here is a solution:’); print( ");
print(p*mul(j, j = L_));
SOLN_L := [op(SOLN L), p*mul(j, j =L )]:

print (' ") ; lprint('which has’, length(p*mul(j, j = L_)), 'digits.’); print( ),

fi; od:




print (" ") ; lprint( There were , count, “solutions altogether.'); print( )
print (") ;

SOLN_L;
S potentiall3 :=[2,5,17]

‘There were', 0, “solutions altogether.’

[] 3.1

1
Those 3 support primes didn't force 3 {n—1} | ! =1 (mod ) to hold, but they do ensure (by theory) that
n

1 3
3 {n—1}| ! =1 (mod RN):
n

> P = 13: w := 2*5*%17: n := p*w;

R := PI(n, 3, 1); ### The one-third Gauss factorial of this constructed 'n'
R*3 mod n; ### The cube of the Gauss factorial (mod n)

n:=2210

R:=341

1 0y

There cannot be any solutions at s=4, 5 or 6, as there aren't enough support primes to generate any solutionse

V¥ s=7has BOUND = 7. Produced NO solution (not a surprise, as there are ONLY 7 supports to this level)

> p := 13:
fac := PRFAC(1l, (p-1)/3, p, 1): ii## Note the '3’

LEV := 7:

LEVEL| |LEV[p] := []:

for lev to LEV do
for q||lev in level| |lev[p] do LEVEL| |LEV[p] := [ op(LEVEL| |LEV[p]), glllev ]; od od:

S_potential||p := LEVEL||LEV[p];

count := O0:
SOLN_L := []:
print( ') ; print( ); print( );

for L_ in choose(S_potential||p, LEV) do if PI3 more modified(L_, LEV, p, fac) = 1 then




count := count+l:
print (' ") ; print(L_); print( "); lprint( Here is a solution:’); print( ");

print(p*mul(j, j =L ));

SOLN_L := [op(SOLN_L), p*mul(j, j =L_)]:
print (' ") ; lprint('which has’, length(p*mul(j, j = L_)), "digits.’); print( )
fi; od:
print (" ") ; lprint( There were , count, “solutions altogether.'); print( )
print("7);
SOLN_L;

S potentiall3 =2, 5,17,2657,441281, 1601, 10433]

‘There were', 0, “solutions altogether.’

[] “.1)

1 3
But yet again - as above - those 7 support primes ensure a solution of 3 {n—1} | ! =1 (mod n):
n

>p = 13: w := 2%¥5%17*%2657%441281*1601*10433: n := p*w;

PI3(n); ### The one-third Gauss factorial of this constructed 'n'
### Note the use of 'PI3' rather than the (slower) PI(n, 3, 1)

R*3 mod n; ### The cube of the Gauss factorial (mod n)
n:=43281230165988611810

R:=-9987976192151218109

B ! (€))

\ 4 s= 8 has BOUND = 9. Produced 3 primitive solutions (two with g = 2)
See the extra generated solutions, and the 2-effect (as expected)
THe total number of solutions is therefore 1+2+1+1+...+1 =9, times 2 = 18

phus a further 18 solutions from the 132

> p := 13:

fac := PRFAC(1l, (p-1)/3, p, 1): ### Note the '3’
8:

[1:

LEV :

LEVEL| | LEV[p]




for lev to LEV do

for q||lev in level||lev[p] do LEVEL||LEV[p] := [ op(LEVEL| |LEV[p]), glllev ]; od od:
print(’ ") ; S_potential||p := LEVEL||LEV[p];

count := 0:

SOLN_L := []:
print( ) ; print( ); print( ) ;

for L in choose(S_potential||p, LEV) do if PI3 more modified(L_, LEV, p, fac) = 1 then
count := count+l:
print (') ; print(L_); print(’'); lprint('Here is a solution:’); print( ");

print(p*mul(j, j = L_));

SOLN_L := [op(SOLN L), p*mul(j, j =L )]:
print (' ") ; lprint('which has’, length(p*mul(j, j = L_)), 'digits.’); print( )
fi; od:
print(’ ") ; lprint( There were', count, ‘solutions altogether.'); print( )
print (") ;

S potentiall3 =2, 5, 17,2657,441281, 1601, 10433, 257, 36713826768408543617]

[2,5,17,257,2657, 10433, 441281, 36713826768408543617]
“Here is a solution:’
255076848073638401493912484058665985890

“which has’, 39, “digits.’

[2,5,17,1601, 2657, 10433, 441281, 36713826768408543617]
“Here is a solution:’
1589019586637724049773361427929666316770

‘which has’, 40, “digits.’

[5,17,257,1601, 2657, 10433, 441281, 36713826768408543617]
“Here is a solution:’
204189016882947540395876943488962121704945

“which has’, 42, “digits.’

‘There were”, 3, “solutions altogether.’

(5.1)

> print( ) ;

n := 255076848073638401493912484058665985890:

for i from 0 to 9 do print(ifactor(2%i*n), order(PI3(2%i*n), 2%i*n)) od;

(2) (5) (13) (17) (257) (36713826768408543617) (441281) (10433) (2657), 1
(2)2(5) (13) (17) (257) (36713826768408543617) (441281) (10433) (2657), 1



(2)3(5) (13) (17) (257) (36713826768408543617) (441281) (10433) (2657), 1
(2)4(5) (13) (17) (257) (36713826768408543617) (441281) (10433) (2657), 1
(2)5(5) (13) (17) (257) (36713826768408543617) (441281) (10433) (2657), 1
(2)6 (5) (13) (17) (257) (36713826768408543617) (441281) (10433) (2657), 1
(2)7(5) (13) (17) (257) (36713826768408543617) (441281) (10433) (2657), 1
(2)8(5) (13) (17) (257) (36713826768408543617) (441281) (10433) (2657), 1

o

( 2 (5) (13) (17) (257) (36713826768408543617) (441281) (10433) (2657), 1
(2)10 (5) (13) (17) (257) (36713826768408543617) (441281) (10433) (2657), 2

> print (") ;

n := 1589019586637724049773361427929666316770:

for i from 0 to 9 do print(ifactor(2”i*n), order (PI3(2%i*n), 2%i*n)) od;

(2) (5) (13) (17) (1601) (36713826768408543617) (441281) (10433) (2657), 1
(2)2(5) (13) (17) (1601) (36713826768408543617) (441281) (10433) (2657), 1
(2)3(5) (13) (17) (1601) (36713826768408543617) (441281) (10433) (2657), 1
(2)4(5) (13) (17) (1601) (36713826768408543617) (441281) (10433) (2657), 1
(2)5(5) (13) (17) (1601) (36713826768408543617) (441281) (10433) (2657), 1
(2)6 (5) (13) (17) (1601) (36713826768408543617) (441281) (10433) (2657), 1
(2)7(5) (13) (17) (1601) (36713826768408543617) (441281) (10433) (2657), 1
(2)8 (5) (13) (17) (1601) (36713826768408543617) (441281) (10433) (2657), 1
9

( 2 ) (5) (13) (17) (1601) (36713826768408543617) (441281) (10433) (2657), 1
(2)10 (5) (13) (17) (1601) (36713826768408543617) (441281) (10433) (2657), 2

> print(’"); for n in SOLN_L do print(ifactor(13*n), PI3(13*n)) od;

2
(2) (5) ( 13 ) (17) (257) (36713826768408543617) (441281) (10433) (2657), 1
(2) (5) ( 13 ) (17) (1601) (36713826768408543617) (441281) (10433) (2657), 1

2
(5) ( 13 ) (17) (257) (1601) (36713826768408543617) (441281) (10433) (2657), 1

> print(’7);

n := 255076848073638401493912484058665985890 * 13:

for i from 0 to 9 do print(ifactor(2%i*n), order(PI3(2%i*n), 2%i*n)) od;

(2) (5) (13)2 (17) (257) (36713826768408543617) (441281) (10433) (2657), 1
(2)2(5) (13)2 (17) (257) (36713826768408543617) (441281) (10433) (2657), 1
(2)3(5) (13)2 (17) (257) (36713826768408543617) (441281) (10433) (2657), 1
(2)4(5) (13)2 (17) (257) (36713826768408543617) (441281) (10433) (2657), 1
(2)5(5) (13)2 (17) (257) (36713826768408543617) (441281) (10433) (2657), 1
(2)6 (5) (13)2 (17) (257) (36713826768408543617) (441281) (10433) (2657), 1
(2)7(5) (13)2 (17) (257) (36713826768408543617) (441281) (10433) (2657), 1
(2)8 (5) (13)2 (17) (257) (36713826768408543617) (441281) (10433) (2657), 1
(2)9(5) (13)2 (17) (257) (36713826768408543617) (441281) (10433) (2657), 1
(2)10 (5) (13)2 (17) (257) (36713826768408543617) (441281) (10433) (2657), 2

> print( ) ;

n := 1589019586637724049773361427929666316770 * 13:

for i from 0 to 9 do print(ifactor(2”i*n), order (PI3(2%i*n), 2%i*n)) od;

(5.2)

(5.3)

(5.4)

(5.5)



(2) (5) (13)2 (17) (1601) (36713826768408543617) (441281) (10433) (2657), 1
(2)2(5) (13)2 (17) (1601) (36713826768408543617) (441281) (10433) (2657), 1
(2)3(5) (13) (17) (1601) (36713826768408543617) (441281) (10433) (2657), 1
(2)4(5) (13)2 (17) (1601) (36713826768408543617) (441281) (10433) (2657), 1
(2)5(5) (13)2 (17) (1601) (36713826768408543617) (441281) (10433) (2657), 1
(2)6 (5) (13)2 (17) (1601) (36713826768408543617) (441281) (10433) (2657), 1
(2)7(5) (13)2 (17) (1601) (36713826768408543617) (441281) (10433) (2657), 1
(2)8 (5) (13)2 (17) (1601) (36713826768408543617) (441281) (10433) (2657), 1
(2)9 (5) (13)2 (17) (1601) (36713826768408543617) (441281) (10433) (2657), 1
| (2)10 (5) (13)2 (17) (1601) (36713826768408543617) (441281) (10433) (2657), 2 (5.6)
> print (") ;
n := 204189016882947540395876943488962121704945 * 13;
print (ifactor(n), order (PI3(n), n));
n :=2654457219478318025146400265356507582164285
| (5) (13)2 (17) (257) (1601) (36713826768408543617) (441281) (10433) (2657), 1 (57)
\ 4 s=9has BOUND = 9. Produced NO solution (not a surprise as ONLY 9 known supports to here)
Of course the integer n:=13.210.5_17.2657 . 441281 . 1601 . 10433 . 257 . 36713826768408543617
1 3
constructed from those 9 supports satisfies [ 3 {n—1} ] ! =1 (mod n)
n
> p := 13:
fac := PRFAC(1l, (p-1)/3, p, 1): ### Note the '3’
LEV := 9:
LEVEL| |LEV[p] := []:
for lev to LEV do
for q||lev in level| |lev[p] do LEVEL| |LEV[p] := [ op(LEVEL| |LEV[p]), glllev ]; od od:
print (' "); S_potential||p := LEVEL| |LEV[p];
count := O0:
SOLN L := []:
print(’'); print( ); print('");
for L in choose(S_potential||p, LEV) do if PI3 more modified(L_ , LEV, p, fac) = 1 then
count := count+l:
print (' ") ; print(L_); print( "); lprint( 'Here is a solution:’); print( ");
print(p*mul(j, j =L ));
SOLN_L := [op(SOLN_L), p*mul(j, j =L_)]:
print (' ") ; lprint('which has’, length(p*mul(j, j = L_)), "digits.’); print( )
fi; od:
print (" ") ; lprint( There were , count, “solutions altogether.'); print( )
print (") ;




S potentiall3 :=[2,5, 17,2657, 441281, 1601, 10433, 257, 36713826768408543617]

‘There were , 0, “solutions altogether.’

(6.1)

e COMPLETE to here



