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Answer six questions
1
(a) A, B and C are standing in line; A can see B and C, B can see C but not
     A, and C can see neither A nor B. All three are blindfolded, and three hats are
     chosen from three black and two white hats, and placed on their heads. The
     blindfolds are then removed, following which A remarks “I can’t figure out the
     colour of my hat”, following which B remarks “neither can I”, following which
     C remarks “Ah, I know the colour of my hat!” What is the colour of C’s hat?
     Give reasons.

(b) Give a solution to the classic puzzle concerning the impossibility of covering
      the squares of a chess board (under conditions to be explained by you) with 
      1-by-2 dominoes.

(c) A well-known Stanford puzzle concerns two people, one of whom has three 
      children whose ages multiply to 72. Present that puzzle with solution.
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Answering a question of Sylvester, it is known that if n points 
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            the plane are in ‘general position’, there must be some two of them such that
            the (infinitely) extended line through those two passes through none of the others.

(a) Give ad hoc arguments for the above in the cases 
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(b) Give the well known proof (which Erdös referred to as a proof from ‘THE 
                  BOOK’) for the general case.
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(a) Prove that out of any six people there must exist three, every two of whom are 
                 acquainted, or three, no two of whom know each other.



(b) Define the Ramsay numbers 
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both exist, then 
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(c)  Show that 
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 and use the inequality in part (b) to obtain some upper
                   bounds for 
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 (You may assume the trivial
                   results that 
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(a) Let p be prime, and let 
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Prove Thue’s result that there are
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(b) Construct the Thue table for 
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(c) State and prove the Fermat 2-square theorem.


5
(a) Express each of the integers 6, 7, 9 and 10 as a sum of at least two consecutive
                  integers, and exhibit all possible (necessarily failing) trial-and-error attempts
                 at so expressing the integer 8.

(b) Prove that no integral power of 2 is a sum of two or more consecutive natural
                  numbers.



(c) Every natural number n that is not an integral power of 2 is expressible
                  as a sum of some two or more consecutive integers; illustrate two ways in
                  which that may be argued in the case 
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(a) Let 
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                  below. Explain what that means, and prove that the numerator of the fraction
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(b) Express
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in egyptian form using the greedy algorithm.


(c) Give greedy egyptian fraction analyses of 
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(a) Assume you are the assistant in a performance of the W. F. Cheney card trick
                  (using the standard 52-card pack), and that a challenger C has passed you the
                  following cards: 6(, K(, 9(, 2(, and 5(. Which four cards, and in what
                  order, would you pass to your accomplice-performer P that would enable P to
                  identify the card you still hold? (Use C, D, H and S for (, (, ( and ()
                  Explain how P would identify the card you hold.

                  
                 State the n from
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(b) In the 
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 case of the 
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generalization, suppose C chooses 11, 19,
                 46, 98 and 113 from the range 0 to 123, and passes them to you, the assistant. 
                 Which four of those numbers, and in what order, would you pass to your
                 accomplice-performer, P, that  would enable P to identify the number you still 
                 hold? Show all relevant calculations.
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(a) At a party, assume that no boy dances with every girl, but every girl dances 
                  with at least one boy. Prove that there are two couples 
[image: image41.wmf]gb

 and 
[image: image42.wmf]'

'

b

g

 which
                  dance whereas b does not dance with 
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 (MAA
                  Putnam Problem, 1965)

  
(b) Let A be a set of 2n points in the plane, no three of which are collinear.
                  Suppose n of them are coloured red and the remaining n blue. Prove that the
                  red coloured points may be joined to the blue coloured points by n line
                  segments such that no two of the n segments have a common point.
                  (MAA Putnam Problem, 1979)
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