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Answer six questions.

You may use a calculator, but all relevant calculations should be shown.
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(a) For each 
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express n as a sum of consecutive natural
     numbers, and show by trial-and-error that 16 cannot be represented as such 
     a sum.

(b) Let 
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prove that 
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cannot be represented as a sum of consecutive
      natural numbers.

(c) Every natural number that is not a power of 2 can be expressed as a
     sum of consecutive natural numbers; illustrate two ways of finding such
     consecutive natural numbers for the number 56.





2
(a) Let 

with

 What is meant by a is congruent to b modulo m?


(b) Let 

with 

 and 

 Prove that


     



 (c) Find the least non-negative remainder that 

 leaves on


      division by 7. 


(d) Let 
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 State and prove a result which enables


     one to determine if n is divisible by 3, and use it to determine which of  the 


     numbers 7392 and 32579 are divisible by 3.


(e) Let m and n be natural numbers (not necessarily distinct), with n even.  


      Prove that

 is divisible by 5.






3
(a) State the Lucas-Lehmer theorem, and write a basic Maple procedure ( putting

into effect the Lucas-Lehmer theorem ( which will determine, for a given odd
      prime p, whether

is prime or composite.

(b) Use the Lucas-Lehmer theorem to verify that

is prime.

(c) Use the Lucas-Lehmer theorem to verify that
[image: image6.wmf]7

M

is prime.[You may use 
      a calculator, but you should show all relevant computations.]
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(a) Prove from first principles that if 

and


                 Show how the latter conclusion can also be made by using 



(b) Let 

with 

 prove that 



(c) Use the Euclidean Algorithm to calculate 

express


     

as an integral linear combination of 1233 and 528, and

 
      verify your calculation.


(d) Let 

with 

 and gcd(A, B) = 1.  Prove that


5
(a) Claim: 

  


      What is wrong with the following proof of that claim?: 

                  “

ends in a 

and so

is impossible.”


      Give a valid proof of that claim.


(b) State and prove the  fundamental property of prime numbers.
 


(c) Let p be prime, and let

 Prove that



     Give an example of 

with

but 



 EMBED Equation.2  
and


6
(a) Calculate the outputs from the following Maple commands:



     


> seq(4*k mod 7, k = 0..6);


     

 > seq(4*k mod 6, k = 0..5);


(b) Let  p be prime and let 

with 

 Prove that 


     



(c) State and prove Fermat’s ‘little’ theorem.


(d) Show how Fermat’s ‘little’ theorem can be used to verify that 27 is composite.

7
(a) Let 
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what is meant by saying that n passes the Lucas-Fermat test to the  
      base 2. Define the term pseudoprime to the base 2, and verify that 341 is a
      pseudoprime to the base 2. 
     
      


(b) Write a Maple procedure for finding all pseudoprimes to the base 2 between


      any two numbers.  What adaptations would you make to that programme to

      calculate numbers that are pseudoprimes to both the bases 2 and 3?


(c) Prove that if n is a pseudoprime to the base 3 and also to the base 7, then 


      n is also a pseudoprime to the base 21.

(d) Let 

denote the k-th prime number; then the k-th Euclidean number,
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 is
      defined by 
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      Verify that the 6th Euclidean number is divisible by 59.

      Give a Maple command for computing 
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      Write a Maple procedure to test which Euclidean numbers pass the Lucas-
                  Fermat test to the base 2.
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(a) Let 

with 
[image: image11.wmf].
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 Use Fermat’s method of infinite descent to prove that 
      n is divisible by some prime number.


(b) Let

with
[image: image12.wmf]).
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 Prove that
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(c) Verify that 
[image: image14.wmf])
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is a solution of the equation

 and that 
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 is a solution of the equation

     

      Use Fermat's method of infinite descent to prove that 

 has 
      no solutions in integers apart from the solution 
[image: image16.wmf]).
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