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Answer six questions.

1
(a) Let 

 Define a  factor of n, and find all the factors of 18 and 27.


      Prove that if a is a factor of b, and b is a factor of c, then a is a factor of c.


(b) Define the function

the terms abundant, deficient and perfect numbers, 


      and verify that 20, 45 and 28 are abundant, deficient and perfect respectively.


(c) Write a Maple programme to find all abundant numbers up to a given number.

(d)  If 

then n is said to be triply-perfect if

 

     Verify that 120 is triply-perfect, and write a Maple programme for

     calculating how many triply-perfect numbers there are up to a given number.


(e) State and prove Euclid's theorem on perfect numbers.


2
(a) Let  p be prime and let 

with 

    Prove that the integers


     

 are congruent modulo p - in some order - to the integers

 
     



(b) State and prove Fermat’s ‘little’ theorem.


(c) Show how Fermat's ‘little’ theorem can be used to verify that 91 is composite.

3
(a) Let 

with

  What is meant by a is congruent to b modulo m?


(b) Let 

with 

 and 

   Prove that

                 

   Prove also that if 

 with

 and


     

, then



(c) Find the least remainder that 

 leaves on division by 11.


(d) State the Lucas-Lehmer theorem, and use it to verify that

is prime.


(e) Let m and n be even natural numbers (not necessarily distinct).  Prove that


     

 is divisible by 3.

4
(a) Determine the mutually incongruent solutions each of the following 


      congruences:

                 (i)




     (ii)




     (iii)


   


     (iv)


   


     (v)


 


(b) Write a Maple programme for finding all solutions of the congruence


      

 for given integers a, b, c and m 



(c) Let A, B and C be real numbers with

  Explain how the number of real


     solutions of the equation

depends on the value of

    



     Give a proof - which is independent of this (and which does not resort to 


     graphical considerations) - that the equation 

has at most two 


     different real solutions.


(d) Let p be prime and let 

with 

   Prove that the 


     congruence 

has at most two mutually incongruent 


     solutions.

5
(a) Prove from first principles that if 

with 


                 Show how the latter conclusion can also be made by using 



(b) Let 

with 

 Let 

be the set of common divisors of 

      a and b, and 

 be the set of common divisors of b and r.  Prove that 



(c) Use the Euclidean Algorithm to calculate gcd(3157, 1505), express


      gcd(3157, 1505) as an integral linear combination of 3157 and 1505, and

 
      verify your calculation.


(d) Let 

with 

 and gcd(A, B) = 1.  Prove that 



(e) Write a Maple programme for calculating the greatest common divisor of any 


     two integers a and b

.

6
(a) What is a  pseudo-prime to the base 2?  Verify that 341 is a pseudoprime to the 


      base 2.   Also, verify that 15 is not a pseudoprime to the base 2, but that it is a 


      pseudoprime to the base 4.


(b) Write a Maple programme (with an appropriate ‘lprint’ line) for finding all 


      pseudoprimes to the base 2 up to any given number.  What adaptations would 


      you make to that programme to calculate numbers that are pseudoprimes to 


      both the bases 2 and 3?


(c) Prove that if n is a pseudoprime to the base 3 and also to the base 7, then n is


      also a pseudoprime to the base 21.


(d) Let  p be any odd prime.  Prove that the only solutions of the congruence 


     

 are 



(e) If 

 then n is said to “pass Fermat's test to the base 2” 


      if 

  Because of Fermat’s ‘little’ theorem, all odd primes pass 


      Fermat's test to the base 2, and some odd composites (e.g. 341) do so as well.


      Explain how the result in (d) can be used to show that 341 could not be prime.

      (Hint: You may use part(a) and 




7
(a) Let 

with n > 1. Prove that the second smallest factor of n is a prime, 


      and find that factor for each of these values of n: 7, 15, 35 and 77.


(b) Let n be a composite natural number.  Prove that 

 is composite.


(c) An Euler prime is a prime p with the property that 

is prime for all 


     

with 

 Verify that 5 is an Euler prime, and that 101 is not an 


      Euler prime.


(d) 41 is an Euler prime, and 

 is composite for all 



     Show - with proof - how to find infinitely many values of n (apart from 41m)


     for which 

 is composite.


(e) Prove that there are infinitely many prime numbers.

8
(a) Let 

with n > 1. Use Fermat's method of infinite descent to prove that n is


     divisible by some prime number.


(b) Let

with

  Prove that 

and



(c) Verify that (8, 15, 17) is a solution of the equation

 and that


     (7, 23, 17) is a solution of the equation

     


     Use Fermat's method of infinite descent to prove that the equation


     

 has no solutions in integers apart from the solution (0, 0, 0).

____________________
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